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Abstract. Kerov, Kirillov, and Reshetikhin defined a bijection between high- 
est weight vectors in the crystal graph of a tensor power of the vector represen- 
tation, and combinatorial objects called rigged configurations, for type A^K 
We define an analogous bijection for all nonexceptional affine typos, thereby 
proving (in this special case) the fcrmionic formulas conjectured by Hatayama, 
Kuniba, Takagi, Tsuboi, Yamada, and the first author. 



1. Introduction 



The fcrmionic formula, denoted by M, is a certain polynomial expressed as a sum 
of products of g-binomial coefficients. It originates in the Bethe Ansatz analysis of 
solvable lattice models in two dimensional statistical mechanics. The prototypical 
example is given by the Kostka polynomial K\f^{q) G Z>o[(z], which is indexed by 
a pair of partitions A,/i. According to Lascoux and Schiitzenberger [|2j, 

Xi£T{\.,fi) 

Here T(A, fi) is the set of semistandard tableaux of shape A and weight /i, and c{T) 
is the charge of the tableau T. 

We consider the case that ^ is a single column (1^). Kirillov and Reshetikhin 
jsj gave a fcrmionic formula for the Kostka polynomial: 

A"A,(i-)(9) = g(^)A/(A,(l^);g-i) 



(1.1) 
where 
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i>l 



+ Aa+2 + • • • + A 



n+1 



1991 Mathematics Subject Classification. Primary 17B37 82B23 05A19; Secondary 81R50 
05E15 05A30 11B65. 



for 1 < a < n. Here n is an integer not less than the length of A minus 1, and 
{Cab)i<a,b<n IS the Cartan matrix of sln+i- 

To prove that the Kostka polynomial is given by the fermionic formula, Kerov, 
Kirillov and Reshetikhin (KKR) defined a bijection between T(A, (I''")) and com- 
binatorial objects called rigged configurations 0. Expanding the g-binomial coef- 
ficients in A/(A, {l^)-,q), to each term q'^ one can associate a rigged configuration 
having a statistic c. Under the bijection, the charge of a tableau agrees with the 
statistic on the rigged configuration. This bijection was extended to the larger class 
of Littlewood- Richardson tableaux and corresponding rigged configurations pX[ | . 

The Kostka polynomial is related to the affine Lie algebra of type An \ since 
the corresponding fermionic formula is derived from the integrable model associ- 
ated to the quantum affine algebra Uq{An'^). The Kostka polynomial K\^{q) gives 
the graded multiplicity of the A-th irreducible J7g(j4„)-module in the restriction of 
the tensor product of certain finite-dimensional U'^{An^)-mo<hx\es that have crystal 
bases. The situation generalizes to the context of any affine Lie algebra. One can 
define the analogous tensor product modules and graded multiplicities, and a corre- 
sponding fermionic formula M [0, |^. The new combinatorial objects which replace 
tableaux are called paths. A path is a highest weight element of the aforementioned 
tensor product crystal base. Paths have a natural statistic called energy. In the 
case of the Kostka polynomial, paths biject with rigged configurations: one may 
send the path (which may be viewed as a word) to its Robinson-Schensted recording 
tableau, which is then sent to a rigged configuration by the KKR bijection. The 
generating function of paths by energy is called the "one dimensional sum" X. The 
equality X = M was conjectured in full generality in |^. 

The purpose of the paper is to construct the analogue of the KKR bijection and 
thereby prove the X = M conjecture, for all nonexceptional affine Lie algebras, in 
the case of the simplest crystal bases. For this case corresponds to the Kostka 
polynomial Kx{iL){q) discussed above. 



2. Quantum affine algebras and crystals 

2.1. Affine algebras. We adopt the notation of j^]. Let g be a Kac-Moody Lie 
algebra of nonexceptional affine type x'^^\ that is, one of the types An\n > 1), 
Bi'\n > 3), dP{n > 2), dIP {n > 4), A^^^in > 1), 4f (n > 1), > 2), 

('2') ('2')t (2) 

-^ri+i(" — 2)- Note that is ^^i*^ same diagram as A^,^ but with the opposite 

labeling. 

The Dynkin diagram of g AT^' is depicted in Table | (Table Aff 1-3 in g). 
Its nodes are labeled by the set /= {0, 1, 2 ... , n}. 

Let at, hi, A^ [i S /) be the simple roots, simple coroots, and fundamental weights 
of g. Let 5 and c denote the generator of imaginary roots and the canonical central 
element, respectively. Recall that 5 = X^ie/ '^i'^i ^^nd c = X^ie/ ^i^'**' where the Kac 
labels ai are the unique set of relatively prime positive integers giving the linear 
dependency of the columns of the Cartan matrix A (that is, A{ao, . . . ,a„)* — 0). 
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Table 1. Dynkin diagrams for X)^ . The labeling of the nodes 
(by elements of /) is specified under or the right side of the nodes. 
The numbers ti (resp. t^) defined in (2^) are attached above the 
nodes for r = 1 (resp. r > f ) if and only if ti ^ 1 (resp. ^ 1). 
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Explicitly, 
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The dual Kac label al is the label a, for the affine Dynkin diagram obtained by 
"reversing the arrows" of the Dynkin diagram of g, or equivalently, the coefficients 
giving the linear dependency of the rows of the Cartan matrix A. Note that Oq = 2 
for g — aS^)^ and Aq = 1 otherwise. 

Let (-j-) be the normalized invariant form on P I). It satisfies 



(2.2) [a,\aj) = 
for i,j £ I. In particular 

(2.3) {aa\aa) 

if tta is a long root. 
For i e / let 



-A; 



2r 



(2.4) 



max( — ,ao), 



max! — , ao). 

a. 



The values are given in Table |l|. We shall only use t]^ and U for iel* ^ 
For a ^ I* we have 



C = l ifr = l, 



ta = flo if r > 1. 



We consider two finite-dimensional subalgebras of g: g, whose Dynkin diagram 
is obtained from that of g by removing the vertex, and gg, the subalgebra of Xn 
fixed by the automorphism a given in |4[ Section 8.3]. 



Table 2. 
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Let g (resp. gg) have weight lattice P (resp. P), with simple roots and funda- 
mental weights aa,^a (resp. OLa, A^) for a ^ I* . Note that g = go for g ^ ylj^ . For 
g = A^^^ ,Q = Cn and g^ = P„. 

P is endowed with the bilinear form (-j-)', normalized by 

(2.5) {aa\aa)' ^'2.r/a^ if is a long root of g^-. 

f21 

For A2 , the unique simple root oti of gj- = Pi is considered to be short. 

4 



Note that aa, and (-j-) may be identified with cia, Aa and (•!■)' if g / ■ 
Define the Z-linear map l : P ^ P by 

(2.6) A(Aa) = EaA, for aer, 

where Eq is defined by 



(2.7) 



2 if g = A^2n ^^'^ 



I 1 otherwise. 
In particular i{aa) — ^aCta for a E I* . We have 
(2.8) {L{ab)\L{ab)Y ^ ao{ab\ab) for aU 6 e /* 



(2) 

If g = both sides of (2.8) are equal to 8 if 5 = n and 4 otherwise. Especially 



(2) 

for Q = A2 (n = 1), we have (aijai)' = 2 and (aijai) = 4. In the rest of the 
paper we shall write (-I-) in place of (■!■)'■ 

2.2. Simple subalgebras. For later use, specific realizations are given for the 
simple roots and fundamental weights of the simple Lie algebras of types Bn, Cn, 
and Dn, which appear as the subalgebras g and g^ of g. In each case the sublattice 
of P given by the weights appearing in tensor products of the vector representation, 
is identified with Z". Let {e^ | 1 < i < n} be the standard basis of Z". 

The simple Lie algebra Bn- 

(2.9) CKa = ea - ea+i for 1 < a < 71 

Aa = ei + • • • + for 1 < a < n 

A„ = i(ei H h e„). 

A G Z" is i?„-dominant if and only if 

(2.10) Xa - Xa+i > for 1 < a < n 

A„ > 0. 

The simple Lie algebra Cn- 

(2.11) aa = ta- Ca+l for 1 < O < 71 

Q^n — 2e^ 

Aa = ei + • • • + ea for 1 < a < 71. 

A G Z" is C„-dominant if and only if it is i?„-dominant ( ^.10 ). 
The simple Lie algebra Z3„. 

(2.12) aa = ea- Ca+i for 1 < a < n 

Aq = ei + ■ • • + for 1 < a < 7z — 2 

A„_i = ^(ei H h e„-i - e„) 

A„ = i(ei H h e„-i + e„) 



A G Z" is D„-dominant if and only if 

(2.13) Xa - Xa+i > for 1 < a < n 
A„_i + A„ > 0. 

2.3. Crystals. Let g' be tlie derived subalgebra of g. Denote the corresponding 
quantized universal enveloping algebras of g D g' D g by Uq{Q) D Ulj{g) D Uq{g). 

In 1^ it is conjectured that there is a family of finite-dimensional irreducible 
/7^(0)-modules {Wj;"'^ \ a G I*,i G Z>o} which, unlike most finite-dimensional 
f7^(0)-modules, have crystal bases This family is conjecturally characterized 

in several different ways: 

1. Its characters form the unique solutions of a system of quadratic relations 
(the Q-system) 

2. Every crystal graph of an irreducible integrable finite-dimensional C/^(g)- 
module, is a tensor product of the i?"'*. 

3. For A G P let V{X) be the extremal weight module defined in Section 3] 
and B{X) its crystal base, with unique vector ux G -B(A) of weight A. Then 
the affinization of _B"'' (in the sense of [^) is isomorphic to the connected 
component of ux in -B(A), for the weight A — iAa (except when g = ^2n^ ^^'^ 
a ^ n, in which case A = 2iAa). 

In light of point (2) above, we consider the category of crystal graphs given by 
tensor products of the crystals B'^ \ 

We introduce notation for tensor products of B"'*. Let /i = {L\°''')aei' .iei,>o be 
a matrix of nonnegative integers, almost all zero. Define 

(2.14) b(^) = (g) 

{aA)eI* xZ>o 

In type An"^ this is the tensor product of modules, which, when restricted to An, 
are irreducible modules indexed by rectangular partitions. The set of classically 
restricted paths (or classical highest weight vectors) in B^^^^ of weight A G = 
®iG/* ^>oAi is by definition 

(2.15) V{X, fi) = {be B^^) I wt(6) = A and e^b undefined for aU i G /*}. 

Here is given by the crystal graph. For 6,6' G B"'* we have 6' — 6^(6) if there 
is an arrow 6' b in the crystal graph; if no such arrow exists then 6^(6) is 
undefined. Similarly, 6' — fi{b) if there is an arrow 6 b' in the crystal graph; 
if no such arrow exists then fi{b) is undefined. If Bi and B2 are crystals, then for 
61 (8) 62 G i?i B2 the action of is defined as 



61(61 ® 62 



6161062 if ei(6i) > (y9i(62), 
61 (g) 6^62 else. 



where £^(6) — maxjfc | is defined} and ^Piib) = maxjA: | /f is defined}. 

Assumption 2.1. In this paper we shall restrict our attention to the case 
Q®L Q ^ Qis^ ^YiaW write B^'^) ^ B^(^-i). 



The crystal graphs B^'^ are listed in Table ^. 
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Table 3. Crystals B^'^ 



In each case (other than An ) the elements of _B = i?^'^ consist of {fc,/c | 1 < 
< n} and possibly elements and </>. 

Remark 2.2. By glancing at Table ^, one may check that the following are equiv- 
alent for b = bL(E) bL-i ®---®bi e B®^ and A £ P^. 

1 . 6 is a classically restricted path of weight A G . 

2. A-wt(6L) e P^, is a classically restricted path of weight 
A — wt(6L), and if 6l = G P then A„ > (where A is viewed as an element 
of Z"). 
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The weight function wt : i? ^ Z" is given by 

wt(A;) — efc for I < k < n 

wt{k) = —tk for 1 < k <n 

wt(0) = wt((/)) = 0. 

The weight function wt : B®^ Z" is defined by wt(6i, ® • ■ • (g) 61) = J2j=i wt(6j). 
So if A = wt(p) where p £ B®^ , then is the multipUcity of fc in p minus the 
muhiphcity of k in p. 

2.4. One-dimensional sums. The energy function D : B^^^ Z gives the grad- 
ing on B^^'\ In the case B^^^ = B®'^ it takes a simple form. Due to the existence 
of the universal i?-matrix and the fact that w['^'^ is irreducible, by j|] there is a 
unique (up to global additive constant) function H : B^'^ ® B^-^ Z called the 
local energy function, such that 

{-1 if i = and eo(5(g) 6') = 6(g)eo6' 
1 if i = andeo(6(8)6') = eo6®6' 
otherwise. 

Let e B^'^ be the unique element such that ip{b^) — Aq. We normalize H by the 
condition 

(2.17) i/(l(g)l)=0. 
Then 

L-l 

E{bL (E)---(E)bi) = L H{bi (g) b^) + J2{L ~ j) H{b^+i ® b^), 
(2-18) j-^i 

D{bL (g) • • • (gi 61) = E{bL • • • ® 61) - £^(1 ® • • • (g) 1). 
Define the one-dimensional sum X(X,ii;q) e Z[q,q^^] by 

Since 5*^^^ is completely reducible as a C/g('g)-crystal, one has 



(2.19) X{\,^l■q)= J2 1^ 



where x"*^ is the character of the irreducible Uq{Q)-modu\e of highest weight A. It 
can be shown that X(A,/i;g) G Z>o[(j'~^]. For convenience we define 

(2.20) H^-H, D = -D, X{X,n;q) = X{X,n;q-^). 

3. Rigged configurations and the bijection 

3.1. The fermionic formula, g 7^ ^2n • This subsection reviews definitions of 
jl| ^. Let g be a Kac-Moody algebra of nonexceptional affine type that is not of 
the form A^^\ Fix A G and a matrix = {L'f'^) of nonnegative integers as in 



subsection 2.4 



Let V = (rnf^^ be another such matrix. Say that i/ is a A-configuration if 



(3.1) 



ag/* 



(a) ~ 



1 ae/* 

Say that a configuration is /i-admissible if 



(3.2) 
where 

(3.3) 



> for all a e /* and i e Z>o, 



^ I 4"Vin(i,A:) - ^ ^(fialttb)] 



(b) 



Write C(A, //) for the set of /i-admissible A-configurations. Define 
(3.4) cc{v) = ^ ^ ^ {aa\ab)mi^{tbj,tak)m^''^mf\ 

The fermionic formula is defined by 



(3.5) 



(a) 



M(A,M;g)- E 1^'^''^ n n 

i/6C(A,/i) ae/* ieZ>o 

The X = Af conjecture of [|[ |j states that 
(3.6) XiX,^l■,q)=MiX,^,;q). 

3.2. Rigged configurations, g ^ ^2n • '^^^ fermionic formula M{X,ii) can be 
interpreted using combinatorial objects called rigged configurations. These objects 
are a direct combinatorializatio n o f the fermionic formula M{X, fi; q). Our goal is to 
prove (^^) under Assumption 2A_ by defining a statistic-preserving bijection from 
rigged configurations to paths. For this purpose it is convenient to use an indexing 
slightly differing from that used above. 
For a e I*, define 



(3.7) 



2 if a = ri and Q ^ C, 
i if a = n and g — B 
1 otherwise. 



(1) 

n 

(1) 



Va is half the square length of aa for untwisted affine types and is equal to 1 for 
twisted types. 

A quasipartition A of type a 6 /* is a finite multiset taken from the set WaZ>o- 
Denote by TOi(A) the number of times i G UaZ>o occurs in A. The diagram of such 
a quasipartition has, for each i e UaZ>o, mi(X) rows consisting of i boxes, where 
each box has width Va- Set 



(3.8) 



Denote by (i^*, J*) a pair where v' = {v^'^^aei- is a sequence of quasipartitions 
with 1/^°'^ of type a and J' — { J^°''^}(a,i)g-H is a double sequence of partitions. For 
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(a, i) e H, define 



(3-9) i^; 



Then a rigged configuration is a pair {i>*^J*) subject to the restriction (O) and 
the requirement that be a quasipartition contained in a m['^\h'') x P^"'\v*) 

rectangle. The set of rigged configurations for fixed A and /i is denoted by RC(A, ^). 
Then ( |3.5| ) is equivalent to 

(i/V,/«)eRC(A,M) 

where cc{v*,J*) = cc{v) + |J'| and |J*| = X](a i)e-H l^^^"'*^ I for i/ corresponding 
to V* under (|3.9|). 



3.3. rigged configurations. In this subsection let g = . As this case is 

not considered in [Q we shall only give the definition in terms of rigged configura- 
tions, although it is easy to express the result as a sum of a product of q-binomials 
(see Section 7.6]). The important feature is that the riggings of odd-sized parts 
of \ must have the form x/2 where x is an odd integer. So let fi and A be as 
in subsection 3.1. Given a matrix v = [rrif^), let P^°'\v*) and nif\v*) be defined 



as before. Call v* ^-admissible if p'>°'\v') > for all a ^ I* and i 6 Z>o, together 
with the extra condition that 

(3.10) P/"^ (i^') > 1 if « is odd and to|"^ (ly*) > 0. 

A rigging J* consists of quasipartitions jf"^*) for a & I* and i G Z,>o. For a ^ n or 
« even, j'"-*) is an ordinary partition satisfying the usual properties. For a = n and 
i odd, J("'') is a quasipartition contained in a rectangle with pI^\v*) columns and 
rnf'\v*) rows, but it has cells of width 1/2 and each part size must be of the form 
x/2 for X an odd integer. This defines the set RC{\, fi) for g = . Then F(A, /i) 
is defined as before where \J*\ is the sum of the areas of all the quasipartitions J°'*. 
This definition is compatible with the virtual crystal realization which embeds paths 
(and rigged configurations) of type ^2™^ i'^fo those of type ^2ri_i P^ . 



3.4. The bijection from RCs to paths. We now describe the general form of 
the bijection <f> : RC(A, ^i) — > ^^(A, ^i) under Assumption p.l| . Let = {L^^^) be such 
that B(^) = B®^, that is, lI"^ = LSaiSa- Let /i be such that B(^'^ = 

Let {i'*,J*) £ RC(A,/Lt). We shall define a map rk : RC(A, ^) B which 
associates to (z/*, J*) an element of B called its rank. 

Denote by RC6(A, /i) the elements of RC(A,/i) of rank 6. We shall define a 
bijection 5 : RC;,(A, /x) RC(A — wt(6),/i). The disjoint union of these bijections 
then defines a bijection 6 : RC(A, ^) — > Ubes RC(A — wt(&), fi). 

The bijection $ is defined recursively as follows. For e i? let Vb{^, be the 
set of paths in i?'^''^ = B^^ that have b as leftmost tensor factor. For L — 
the bijection $ sends the empty rigged configuration (the only element of the set 
RC(A, ^)) to the empty path (the only element of 7'(A, /i)). Otherwise assume that 
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<1> has been defined for and define it for B®^ by the commutative diagram 

(3.11) s 

RC(A-wt(fo),/i) — ^ P{\-wt{b),il) 
where the right hand vertical map removes the leftmost tensor factor b. In short, 

(3.12) J') = rk{iy',J') J')). 



Remark 3.1. For $ to be well-defined, by Remark 2.2 it must be shown that if 
b = rk(i^*, J*), then p = X — wt(6) is dominant, and if 6 = then A„ > 0. 

We also require the bijection $ : RC(A,/i) 7'(A,/i) given by $ = $ o comp 
where comp : RC(A,/x) RC(A,/i) with comp(i'', J') = {i/*,J*) is the function 
which complements the riggings, meaning that J* is obtained from J* by comple- 
menting all partitions jt"^*) in the m|°'' x pI°'\v*) rectangle. 

Theorem 3.2. $ : RC(A,/i) V{\,ii) is a bijection such that 

(3.13) cc{v\r) = ~D{^v\r)) for all eRC{X,n). 

For type An"^ a generalization of this theorem for all fi was proven in |jl^. For 
other types Theorem 3.2 is proved in section |5[ 

4. The bijection for each root system 

In this section the maps rk and 6 are defined in a case-by-case manner. For 
each g, an explicit formula is given for the vacancy numbers p'>° '\v*) (see (3.9)), 
obtained by writing (3.3) in terms of the function Qi (see (1.1)) using the data 
for the simple Lie algebras given in section 2.2. Then for {v',J') e RC(A, /x), an 
algorithm is given which defines b — rk(i^*, J*), the new smaller rigged configuration 
J') = 5{v*,J*) such that {v* , J') e RC{p,p.) (where p = A - wt(&)), and the 
new vacancy numbers in terms of the old. 

For a quasipartition r with boxes of width v and i e wZ>o, define 

(4.1) g,(r) ==^min(Tj,i), 

j 

the area of r in the first i quasicolumns. 

The quasipartition J^"^'*) is called singular (with respect to the configuration i/*) 
if it has a part of size P^°'\v*). If A is a statement then x(A) = 1 if A is true and 
x{A) = if A is false. We also use the Kronecker delta notation 5a,b = x('^ = ^)- 

4.1. Bijection algorithm for type Dn\ 

Vacancy numbers. 

(4.2) 









-2Q,;(i.('')) + 


g.(;^^"+'))4 


- LSa.i for 1 < a < n — 2 




= Q^ily'^"- 


-3)) 


- 2Q,(i.("-2) 


+ g,;(i^<"-'^ 


) + g,:(^^"^) 








-2g,(i^("-i) 






p(«)(.-) 






-2g,(^.(")) 
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Constraints. 



»1 



6=1 



for 1 < a < n — 2 



(4.3) 



_. n—l 



6=1 



6=1 



Algorithm S. Set ^"^^^ = and repeat the following process for a = 1, 2, . . . , n — 2 
or until stopped. Find the minimal index i > such that J^"'*) is singular. If 

no such i exists, set 6 = o and stop. Otherwise set £^°'^ = i and continue with a + 1. 

If the process has not stopped at a = n — 2 continue as follows. Find the minimal 
indices i,j > £(""2) such that and J("'^) are singular. If neither i nor j 

exist, set 6 = n — 1 and stop. If i exists, but not j, set =i^b = n and stop. If 

i exists, but not i, set = j, b = n and stop. If both i and j exist, set = i, 

f (") = j and continue with a = n — 2. 

Now continue for a = n — 2, n — 3, . . . , 1 or until stopped. Find the minimal index 
i > ^(-^+1) where ^("-i) = max(€("-i\ such that J^*^'*) is singular (if i = 

then there need to be two parts of size P^"'\v*) in J^"'*)). If no such i exists, set 
h = a+1 and stop. If the process did not stop, set 6 = 1. 
Set all yet undefined and to oo. 

New RC. 

1 if z = (.^"^ - 1 

-1 ifi = fM'> 

1 if i = 1 and 1 < a < n - 2 

-1 if i = ZW and 1 < a < n-2 

otherwise 



(4.4) m\"'\i>') 



m 



The partition is obtained from by removing a part of size P^°'\v*) for 

i = and i = adding a part of size Pl^\i'') for i = - 1 and i = - 1, 
and leaving it unchanged otherwise. 

Change in vacancy numbers. 

(4.5) P,^''\i>*) = Pl'"\v*)-x{t^"'^^ < + 2x(^("' <i)~ x(^("+'^ < i) 

_^(£(a-i) < j) + 2x(/(") < i) - X(^^''+^^ < i) 

for 1 < a < n — 2 

^("-2)(~.) ^ i^("-2)(j,»)_^(£(— 3) < ^) + 2x(^("-'^ < i) - x(^^""^^ < i) 

_^(|("-3) < ^) + 2x(^("-^^ < i) - x(^^"^ < ^) 
i^("-i)(i>*) = /^("-i)(^,»)_^(£("-2) < ^) _ ^(£("-2) < + 2x(^("-^) < i) 
i^(")(z>») = p(''\u*)-j^[lin-2) <i)- x(^("-2) < i) + 2x(^("' < i). 
4.2. Bijection algorithm for type B^^^. 
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Vacancy numbers. 

pI''\u') = - 2Qi(i/(«)) + + L5a,iiov i e Z>o 

1 < a < n-2 

(4.6) j>("-i)(^.) = g.(j,(n-2))_2Q.(z,("-i))+2Q,(i/(")) for i G Z>o 
/^(")(z/') = 2Q,(t/("-i)) - 4Qi(z/(")) for i G ^Z>o 



Constraints. 



(4.7) 



|i/W|=i:-^A6 forl<a<n-l 



6=1 



^ 6=1 



Algorithm 5. Call a partition quasi-singular if it is not singular and has a part of 
size Pt\i'') - 1- 

Set = and repeat the following process for a = 1, 2, . . . , n — 1 or until 
stopped. Find the minimal index i > ^(""1) such that J^"'*) is singular. If no such 
i exists, set b = a and stop. Otherwise set fM^ = i and continue. 

If the process has not yet stopped, continue as follows. For brevity let us denote 
by (S) and (Q) the following conditions: 

(S) i > and J("'') is singular. 

(Q) i = ^("^1) — i and is singular; or i > ^("^i) and is quasi-singular. 

Find the minimal index i > - i such that (S) or (Q) holds (note that (S) 

and (Q) are mutually excluding). If no such i exists, set 6 = n and stop. If (S) 
holds set ^(") = i and fS"'> ^i-\. Say that case (S) holds. If (Q) holds set i'^") = i 
and find the minimal index j > i such that (S) holds. If no such j exists, set 6 = 
and stop. Say that case (Q) holds. Otherwise set f^"^ = j and say that case (Q,S) 
holds. 

If the process has not yet stopped continue in the following fashion for a = 
n — 1, n — 2, . . . ,1 or until stopped. Find the minimal index i > Z'^+i) such that 
j(a,i) singular (if = i then actually needs to have two parts of size 

pI;"'\v*)). If no such i exists, set 6 = a + 1 and stop. Otherwise set ^^^^ = i and 
continue. If the process did not stop for a > 1 set 6 = 1. 

Set all undefined and for 1 < a < n to oo. 

New RC. 

1 if Z = - Va 

-1 ifi = £W 

1 lii = - Va 

-1 if i = ^(«) 
otherwise 

Note that if two or more conditions hold, all of the changes should be performed. 

For 1 < a < n the partition is obtained from by removing a part of 

size Pl''\iy*) for i = and i = e^''\ adding a part of size Pt\i>*) for i = i^"') - 1 
and i = — 1 and leaving it unchanged otherwise. If case (S) occurred is 
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(4.8) m<f\i^')=m^\,.') 



obtained from by removing a part of size Pj; {u*) for i = £^"'\ adding a part 
of size P^"'\v'*) for i = Z^"^ — 1, and leaving it unchanged otherwise. If case (Q) 
holds remove the largest part in for i ~ ^'"^ and add a part of size pI^\v*) 

for i = ^(") - i. If case (Q,S) holds, then apply (S') for t = and (Q') for t = Z^") 
where 

(S') obtain from by removing the largest part for i = t and adding a 

part of size P/"^(£'*) for i = t — ^, leaving all other J^"'*) unchanged; 

(Q') obtain J("^*) from by removing the largest part for z = t and adding a 

part of size pI'^\v') - 1 if t < l^'"-^^ and of size pI''\v') if t = /(""i) for 
i = t— 5 , leaving all other unchanged. 

Change in vacancy numbers. 

(4.9) P'>''\i>') = Pt\^') - Xii^"'^^ <i) + 2x(^^"^ <i)- x(^^"+'^ < «) 

- X(^^''"^^ <i) + 2x(^^"^ <i)- X(^^"+^^ < i) 

for 1 < a < n — 1 and 

- X(^"<"-'^ -l<i) 

4.3. Bijection algorithm for type Cn^. 
Vacancy numbers. 

20i(z^(")) + + i-^a.ifor i e Z>o 

1 < a < n 

for i G 2Z>o 
Constraints. 

a 

(4.11) liy^-^^l =L-^A6 forl<a<n 

6=1 

Algorithm (5. Set fS^^ = and repeat the following process for a = 1, 2, . . . ,n or 
until stopped. Find the minimal index i > such that is singular. If no 

such i exists, set 6 = a and stop. Otherwise set i^"-^ = i and continue. 

If the process has not stopped continue as follows for a = n — — 2....,lor 
until stopped. Set/(") = and reset = If ^^-^^ = set ^(") = i^"-'^ 

and reset = - 1. Say case (S) holds. Otherwise find the minimal index 
i > such that is singular. If no such i exists, set b = a + 1. Otherwise 

set i'^"'^ = i and continue. If the process does not stop for a > 1 set 6=1. 

Set aU undefined i'^"^ and £^"-^ for 1 < a < n to oo. 
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- X(^^"-'^ <i) + 2x(^^"^ < i) 
<i) + 2x(/^"^ <i). 



(4.10) 



R(")(j.»)=g,(j.(«-i)) 



New RC. 



(4.12) m[''\i)') ^ m\''\iy') + < 



1 = ^(«) - 1 

-1 ifi = ^(") 

1 ifi = - 1 

-1 ifi = |(") 

otherwise 



If two or more conditions hold then all changes should be performed. 

If a = n or case (S) holds for 1 < a < n the partition is obtained from 

j(a,i) j^y removing a part of size P^°'\v') for i = £^"'\ adding a part of size P^°'\v') 
for i = — 2, and leaving it unchanged otherwise. Otherwise J^"'*) is obtained 
from J^'^^*) by removing a part of size pI"'\v*) for i — and i = adding a 
part of size pI°'\v') for i — £'^°-^ — 1 and i — i^"-^ — 1, and leaving it unchanged 
otherwise. 

Change in vacancy numbers. 

(4.13) Pt\^') = ^^*° V')-X(^^""'' < + 2x(^'"^ < i) - X(^^"+'^ < *) 

< ^) 2^(£(«) < i) _ x(£("+^) < i) 

for 1 < a < n — 1 and 

pt\>^') = Pi"V')-x(^<"-'^ < - X(^"^"~'^ < *) 
+x(^(") <«) + x(^''"^ <*)• 

4.4. Bijection algorithm for type . Recall here that 2 = Cn and = Bn- 

Vacancy numbers. The vacancy numbers are the same as for type C^^' ( p^ 
with the only exception that now i G Z>o even for a — n. 



Constraints. The constraints are the same as for type ci^^ ( |4.1l| ). 

Algorithm 5. Set = and repeat the following process for a = 1, 2, . . . , n or 
until stopped. Find the minimal index i > f such that jt"^'*' is singular. If no 
such i exists, set 6 = a and stop. Otherwise set = i and continue. 

If = 1 set b = (f) and stop. Otherwise say case (S) holds for a = n and 
continue. 

If the process has not stopped, set = ^^^"^ and reset = — 1. Continue 
as follows for a n - 1, n - 2, . . . , 1 or until stopped. If i^'''> = ^("^+1) set i^"-^ = (.^''^ 
and reset = l^"'^ - 1. Say case (S) holds. Otherwise find the minimal index 
i > ^("+1) such that jf'^^*) is singular. If no such i exists, set b = a + 1. Otherwise 
set ^^"^ = i and continue. If the process does not stop for a > 1 set b — 1. 

Set all undefined i'-''^ and l'^"^ for 1 < a < n to 00. 

New RC. The configuration changes in the same way as for type Cn'' (4-12). 

If case (S) holds for 1 < a < n the partition is obtained from J^'*-* by 

removing a part of size P/"''(i/*) for i = adding a part of size P^°'\v*) for 
i = — 2, and leaving it unchanged otherwise. Otherwise is obtained from 

j(a.,i) removing a part of size p'>°'\v') for i = l^'^^ and i = adding a part of 
size P'>°'\v') for i — t^"'^ — 1 and i = 1^°-^ — 1, and leaving it unchanged otherwise. 
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Change in vacancy numbers. The change in the vacancy numbers is the same 
as for type ci^^ (p^ ). 

(2) 

4.5. Bijection algorithm for type ^2n-i- 

Vacancy numbers. 

(4.14) 

/^('^V*) = Q,(z.("-i)) - 2Q,(z.(")) + Q.(j.("+i)) + LSaA for 1 < a < n - 1 
= Q,(i.("-2)) - 2Q,(>-i)) + 2Q,(z.(")) 

Constraints. 

a 

|:yW|=L-^A6 forl<a<n 
(4.15) ^ 

b=l 

Algorithm 5. Set = and repeat the following process for a = 1, 2, . . . , ti or 
mitil stopped. Find the minimal index i > such that J^"^'*) is singular. If no 

such i exists, set 6 = a and stop. Otherwise set ^^"^ — i and continue. 

If the process has not stopped set = and continue as follows for a — 
n — 1, n — 2, . . . ,1 or until stopped. Find the minimal index i > such that 

j{a,i) singular (if i = then there need to be two parts of size p'>°'\v*) in 
If no such i exists, set 6 = a + 1 and stop. If the process did not stop, set 

Set all yet undefined and f^"") to oo. 
New RC. 

'l ifi = ^('^)-l 
-1 ifi^^W 

1 if i = ^('^) - 1 and 1 < a < n - 1 
-1 if i ^l^'^) and 1 < a < 71- 1 
otherwise. 

The partition is obtained from J^'^'*) by removing a part of size P^^Hv') for 

i = when 1 < a < n and i = Z'"' when 1 < a < n, adding a part of size P^°'\v*) 
for i = — 1 when 1 < a < n and i = — 1 when 1 < a < n, and leaving it 
unchanged otherwise. 

Change in vacancy numbers. 

(4.17) P-°'\v') = P/"V')-X(^'""'' < «) + 2x(^("^ <i)- x(^("+') < i) 

< _^ ^^^^(a) ^--^^ xii'^"^'^^ < i) 

for 1 < a < n — 1 and 

f/"^(i>') = P/"V*)-X(^^""^^ < *) + 2x(^^"^ < - X0"~^'^ < i)- 
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(4.16) m^^^i)') ^ m\''\i^') + < 



(2) 

4.6. Bijection algorithm for type D^_^^. 

Vacancy numbers. 

PtH'^') = " 2Q,(i.(")) + Q.(i^("+i)) + Wa.ifor 1 < a < n - 1 

p/")(i/*) = 2Q,(z.("-i))-2Q,(z.(")) 



Constraints. The constraints are the same as for type ci^^ (|4.1l|) 



Algorithm J. Call a partition quasi-singular if it is not singular and has a part of 
size Pj;''^^') - 1. 

Set = and repeat the following process for a = 1,2, .. . ,n — 1 or until 
stopped. Find the minimal index i > such that is singular. If no such 

i exists, set b = a and stop. Otherwise set f^"-' = i and continue. 

If the process has not yet stopped, continue as follows. Consider the following 
conditions: 

(S) is singular and i > 1; 

(P) is singular and i = 1; 

(Q) is quasi-singular. 

Find the minimal index i > such that one of the mutually exclusive conditions 

(S), (P) or (Q) holds. If no such i exists, set & = n and stop. If (P) holds set 
=i,b^ (j) and stop. If (S) holds set ^("^ i - = i, say case (S) holds 

for a — n and continue. If (Q) holds set = i. Find the minimal j > i such that 
(S) holds. If no such j exists, set 6 = and stop. Else set Z^") — j, say case (Q,S) 
holds and continue. 

If the process has not stopped continue in the following fashion for a = n — l,n — 
2, . . . , 1 or until stopped. If = £'^''+^'> set = ^('^^ and reset_^(°) = - 1. 
Say case (S) holds for a. Otherwise find the minimal index i > such that 

j(a,i) jg singular. If no such i exists, set b = a + 1 and stop. Otherwise set f*-"' = i 
and continue. If the process did not stop for a > 1 set 6 = 1. 

Set all undefined i'-''^ and l'-"^ for 1 < a < n to oo. 



New RC. The new configuration i>' is given by ( 4.12| ) 



If case (S) holds for 1 < a < n the partition is obtained from J^"'^") 

by removing a part of size pI^°'\u*) for i = adding a part of size Pj^"'\i>') for 
i = ^(°)— 2, and leaving it unchanged otherwise. If (Q) or (Q,S) holds for a = n, then 
j(n,«) is obtained from by removing a part of size P/"-* — 1 (resp. pj^"\i/')) 
for i = (resp. i = Z*")), adding a part of size P-'^\v') (resp. P-''\v') - 1) for 
i = — 1 (resp. i = — 1), and leaving it unchanged otherwise. Otherwise 
ig obtained from J^"'*) by removing a part of size P^°'\v*) for i = 1^°'^ and 
i = adding a part of size P^°'\v') for i ~ £^°-'> — 1 and i = 1^°"^ — 1, and leaving 
it unchanged otherwise. 

Change in vacancy numbers. 

(4.19) P^Ki"') = Pl°'\y')-X{t^"~^^ < «) + 2x(^'''^ < j) - X(^^"+'^ < i) 

-X{f^~''^ < + 2x{f''^ < - xii^""^'^ < 
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for 1 < a < n — 1 and 



4.7. Bijection algorithm for type • 

Vacancy numbers. The vacancy numbers are given by the same formula as for 



type Cn'' (i-10) with the only exception that in this case i G Z>o for all a ^ I* . 



Algorithm 5. If a = ti and i is odd, then is never singular. For i odd, call 

quasi-singular if it has a part of size P^"'\v*) — 1/2. 

Set = and repeat the following process for a = 1, 2, . . . , n — 1 or until 
stopped. Find the minimal index i > such that is singular. If no such 

i exists, set b = a and stop. Otherwise set = i and continue. 

If the process has not yet stopped, continue as follows. Consider the conditions 

(S) i is even and is singular; 

(Q) i is odd and is quasi-singular. 

Find the minimal index i > such that one of the mutually exclusive conditions 

(S) or (Q) holds. If no such i exists, set 6 = n and stop. If (S) holds set = 
i — 1,^*^"^ — i, say case (S) holds for a = rt and continue. If (Q) holds set f^"^ = i. 
Find the minimal j > i such that (S) holds for j. If no such j exists, set b = and 
stop. Else set Z^"' = j, say case (Q,S) holds and continue. 

If the process has not stopped continue in the following fashion for a = n — 1, n — 
2, . . . , 1 or until stopped. If ^("^ = set i^"-^ = and reset_^(°) = - 1. 
Say case (S) holds for a. Otherwise find the minimal index i > such that 
j{a,i) jg singular. If no such i exists, set b — a + 1 and stop. Otherwise set Z^"-' = i 
and continue. If the process did not stop for a > 1 set 6=1. 

Set all undefined t^'^^ and ^("^ for 1 < a < n to oo. 



New RC. The new configuration i)* is given by ( 4.12 ). 

If case (S) holds for 1 < a < n the partition J^"'*) is obtained from J^"^'') by 
removing a part of size p'>°'\v*) for i = adding a part of size P^°'\i/') for 
i = — 2, and leaving it unchanged otherwise. 

If (Q) or (Q,S) holds for a — n, then is obtained from by removing a 

part of size p'>''\v')-l/2 for i = (and apart of size P/"^') for i = < oo), 
adding a part of size pI^\v*) for i = l'^'^^ — 1 (and a part of size p'>^^\v') — 1/2 for 
i = — 1 < oo), and leaving it unchanged otherwise. 

Otherwise is obtained from J^'^'*) by removing a part of size 

i^^'^V) for 

i = i'^"^ and i = If-^), adding a part of size Pt\i^') for i = f""^ - 1 and i = i'^"^ - 1, 
and leaving it unchanged otherwise. 

Change in vacancy numbers. The vacancy numbers pI^°'\i'') change as in 
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5. Proof of Theorem 



In the following subsections Theorem 3.2 is proved case-by-case for the var- 
ious root systems. The following notation is used. Let {v',J') G RC(A,/i), 
b = rk(i^', J') e B, p = X - wt(6), and {i>',J') = 5{v',J'). There are three 
things that must be verified: 

(I) p is dominant and b can be appended to any path in 'P{p, jl) to give an element 
oiV{X,p). 

(II) {v\J*) G RC(/9,/i) where = B®'^^-^\ 
(III) The conditions of Lemma 5.1 are satisfied. 

Parts (I) and (II) show that 6 is well-defined. The proof that 5 has an inverse, 
is omitted as it is very similar to the proof of well-definedness. Part (III) suffices 
to prove that $ preserves statistics. 

For {y',J') e RC(A,Af), define A{cc{u',J')) = cc{v',J') - cc{S' {v' , J')) and 
A2(cc(i^*, J*)) = A(cc(i^*, J*)) - A{cc(S' {ly' , J'))) where 5' = comp oSo comp. 

Lemma 5.1. To prove that ( |3.13| ) holds, it suffices to show that it holds for L — 1, 
and that for L > 2 with ^{h'' , J') = bi^ ® ■ ■ ■ (i) bi, we have 

(5.1) A(cc(^-, J')) = - x{hL = <^), 
and 

(5.2) H{bL ® bL-i) = %ia['^ - a['^) - x{hL = 4>) + x{hL-i = 4>) 

% 

where a^"'^'' and a^j^^ are the lengths of the first columns in v^^'' and i/^^^ respectively, 
and5{v',J') = {v'J'). 

Proof. If L = 0, RC(A,/i) and P{X,p,) are both empty unless A = 0, in which 
case RC{X,p) (resp. P{X,p)) is the singleton set containing the empty rigged 
configuration (resp. the empty path). Both of these objects have statistic zero. 
The case L = 1 is given by hypothesis. For L > 2, by the definition ( ^.1S| ) and 
( pO| ) of D, 

L-l 

(5.3) D{bL • • • «) 6i) - D{bL-i • • • ® 6i) = H{bi 5^) + ^ H{bj+i ® bj). 

i=i 

Therefore by induc tion on L it suffices to prove that A(cc(z^*, J*)) is given by the 
right hand side of (5_^). By induction and again "taking the difference" it suffices 
to prove that 

A2(cc(z.', J')) = i?(6L®6L_i). 



But this follows from (|T|) and (|5J). □ 

We also need several preliminary lemmas on the convexity and nonnegativity of 
the vacancy numbers P'>°'\v*). 
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Lemma 5.2. For large i, we have 



2A„ 



/or 1 < a < 



A„-i+A„ /or D. 



(1) 



2n-l 



Proof. This follows from the formulas for the vacancy numbers (4.2), ( |4.6| ), (4.10), 
( p^ ), ( [4.18D , the constraints (Q, (||^), ( pll| ), ( [4.15D , and the fact that for large 

Direct calculations show that 
(5.4) Type D^^^ 



Pl^,(v') + 2P^{y')-P^,(v') 



ml°"^\i^') - 2m. 

^m^" ^■'(i^*) — 2to 
(5.5) Type 



""^ V) + ^!""^^('^') + m[''\iy') for a = n - 2 



(^•) 



for 1 < a < n — 3 
for a 
for a = n — 1, n. 



/^Lt„(^^-) + 2/^('''(z.-)-p(;ij^-) 



m; ' {i^') - 2m\''\i'') + ml"-^"' {i^') + LSa,i5ui for 1 < a < n - 2 



2 + 



+2(2mf ^(z/*) + m|"\ (i.') + (t^')) 



2mf "'^i.') - 4to|"\i/') 



for a ~ n — 1 
for a ~ n. 



(5.6) Type Ci^) 



for 1 < a < n — 1 



-^''iiy') + 2m^"-^\v') + m':'l-'> {i^') - 2m^l'> (y*) for a = n. 

Types A(^) and A^f 
~P^^{v') + 2Pf\v')-P\$,{v') 

\rn^^'^'^{v*) ~2Tnf\v')+ra^°-"^^'^{v') + Ua,ik,\ for 1 < a < n - 1 



(")/ 



(5.7) 



(^•)-mf'(^-) 



for a = 



(5.8) 



Type A^li 



Pt^^)^2Pf^(^)-P'^^ 



to|°"^)(i.') - 2m[°^(;/*) + Tnf^^\v') + L(5„,i<5,,i for 1 < a < n - 1 
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for a = ri — 1 
for a = n. 



(5.9) Type D^^l 

-P^1\{v') + 2P^''\v')-pII\{v') 

_{m^°''^\v')-2m^^\v')+v^^^"^^\v') + L6a,l5^,l for 1 < a < n - 1 
~ \2m^^-^\v') - 2nif\u') for a ^ n. 

In particular these equations imply the convexity condition 

(5.10) P/-^^-) > \{PtiS^')+PlllSi^')) iimf\v') = 0. 

Lemma 5.3. Let v* be a configuration in C(A, /i). The following are equivalent: 

1. P'>''\v') > for all i e Va1>a, a £ I*; 

2. pI^Hv') > for all i G UaZ>o, a G /* such that m'f\iy') > 0. 



Proof. This follows immediately from Lemma and the convexity condition ( 5.1C ). 
(See also [|ll|, Lemma 10]). □ 

5.1. Proof for type DnK 

Proof of (I) for Dn K Here it suffices to show that p satisfies ( ^.13 ). Suppose not. 
If 6 = fc with 1 < A; < 71 then 

(a) Xk ~ Xk+i if 1 < fc < n — 2 

(b) A„_i |A„| if fc n - 1 

(c) A„_i = -A„ if /c = n. 



In case (a) we have P^''\v') = for large i by Lemma 5.2. Let i be the largest 
part in v^'^y By convexity this implies P^^\v*) = for all i > £. Equation ( ^.4[ ) 
in turn yields mf^^V) = for all i > £ so that 1 < fC^^i) < £. But this 
is a contradiction since there is a singular string of length £ in (z^*, J*)'*^' since 
Pg''\v*) = and m'"/'\v*) > so that we would have rk(z/*, J*) > k. In case 
(b) let us first assume that A„_i = A„. Then for large z, p/" — a-nd by 

convexity pj;^^ = for i > ^ where £ is the largest part in By (5.4) we 

have m^" — for i > £. Hence 1 < < £ which yields a contradiction 

since there is a singular string of length £ in {v* , J*)*^"~^^ so that rk(^*, J*) 7^ 1. 
If A„_i = — A„ the same argument goes through with n — 1 replaced by n. The 
case (c) is analogous to the second part of case (b). 

Now suppose b = k for some 1 < k < n. We show again that p not dominant 
will yield a contradiction. If p is not dominant one of the following has to be true: 

(d) Afc = Afc_i if2<fc<n-l 

(e) A„ = A„_i if fc = n. 

Case (e) is analogous to case (b). In case (d) some caution is in order. By lemma 
5.2 and convexity ( 5.10| ) we have Pj^'^ ^Ht^') = for i > ^ where £ is the largest 
part in z/C^-i). By (jsj) it follows that mf^(iy*) = for i > ^. Hence £'■'''> < £. 
Since pf' ~ and m!f > there is a singular string of length £ 

in (z/*, J' )('=-!). Hence l^^^^^^^ < £ unless 6''-^'> = £ and mf''^\i^') = 1. We 
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will show that the latter case cannot occur. Equation (5.4) with a ~ k — 1 and 
i = £ implies that P^^^^"* = and 'mf'~^\i^*) = since by assumption fC^'^^' = 
lik) ^ l(k) ^ ^ j^gj^^g mf\v') > 2 (or m\''^^\iy') > 1 and m^^'\iy') > 1 for 
k = n—1). However this implies that m^g\'^\h'') = since otherwise ^C^^^) < £ — 1 
and not i since there is a singular string of length £ — 1 in {v' , J')^''^^\ Now 
by induction on « — £ ~ 1,£ — 2, . . . ,1 it follows from ( ^.4[ ) at a = fc — 1 that 
^i'^ (j/*) = toI*^ (z^*) = m|'^ (t/*) = 0. However, this means in particular that 
mf "^^ (iy») = for alll < i < ^ so that £^''-^^ > £ which contradicts fC^-^) ^. □ 

Proo/ of (II) for d'iP . Denote by Jmax (i^*, J') the biggest part in To prove 

admissibility of {i>* , J*) we need to show for all i > 1, 1 < a < n that 

(5.11) 0<J^^ii>'J')<P!"^ii^'). 

Fix a > 1. Only one string of size £^°'^ and one string of size l^'^^ change in the 
transformation (i^*, J')'"' {v* , J*)'^°'\ Hence 

-/max J')^ ) for I = ^("^^ - 1 and i = l^"'^ - 1 

Q<Jt!^ii^\J')<J^;^i^\J') else. 



Hence by (4.5) the inequality (5.11) can only be violated when < i < ^^^^ 

or < i < i^"'^ where max(^("-i), £<")). By the construction of 

and Z^"-' there are no singular strings of length i in {v' , ,1')^'^^ for < i < £^'^^ 

or Z^-^+i) < i < This means that ji^^l{v',J') < i^*"V') - 1 if « occurs as a 
part in , that is m r (i'') > 0. Hence ( |5.1l| ) is fulfilled for these i. It remains 
to prove that P-'^Hv') > for all i such that TO|''^(i/') = and ^t"^-!' < i < or 
^(a+i) < • ^ £(a)^ js^Q^-g ^^^^ ^(i>*) = if m,[°^(zy*) = for ^('^-i) < i < - 1 
or £^°-+^^ < i < f!^"^ — 1- Hence by lemma 5.3 it suffices to prove (5.11) for all a 
and i such that rrif^ (y*^ > 0. Therefore the only remaining case for which (5.11) 
might be violated occurs when 

For 1 < a < n - 2: 

m^^\{y') = 0, P^t\{^') = 0, ^("-1) < £ (resp. f^'+i) < £) 

and £ finite where £ = (resp. ^ Z^")) 
For a = n — 1, n: 

m(!_\(i.') = 0, P/!l(j^') - 0, ^("-2) ^ ^ 

and ^ finite where £ = 

We show that these conditions cannot be met simultaneously. Let p < ^ be maximal 
such that ■m'p^{v*') > 0; if no such p exists set p = 0. By ( 5.10 ) p'f^^iy') = is 
only possible if P^f^ [v') = for aU p < i < £. By (fj) we find that mf^^\v') = 
(resp. mf^^\v'') = 0) for p < i < ^. Since f^^-^^ < £ (resp. Z^^+i' < () this 
implies that £^°-^^) < p (resp. < p)- If p = this contradicts the condition 

£(a-i) > (j.ggp^ ^(a+i) > jjgj^gg assume that p > 0. Since Pp^°V*) = 
and TOp"''(i/*) > there is a singular string of length p in {ly* , J')'^"-' and therefore 
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£(<i) — p (resp. — p). However, this contradicts p < £. This concludes the proof 
that [v' , J') is well-defined. □ 

Proof of (III) for L>i^\ Here })^ = 1, ® 6') = if 6 < 6', ®h') = I if 
b®h' = n®n,n®n OT b > b' where 6 7^ T, 6' 7^ 1, and if(T® 1) = 2. 

If L = 1 then the path is 1 , the rigged configuration is empty, and both sides of 
( 3.13| ) are zero. 



Here and (5.2) are given by 



(5.12) 
(5.13) 



(1) 



A(cc(i/', J*)) = a\ 

H{bL ® bL-i) = x(e^'^ = 1) + X(^"^'^ = 1) 



where i?*-'^ and ^^'^ are determined by the algorithm S. 

y ^ 

Let £^°-' and £ be the length o f the selected strings defined by the algorit hm 
on (£>•, J') = S{v',J'). To check ( p^ note that if i^^'^ = 1 it follows from (U) 
that > for 1 < a < n - 2. Hence if 6^ < n - 1 then < 6l and both 

sides of ( 5.13| ) yield 1. If 6^ = rt then < n — 1 or 6l_i = n and both sides 

of (5.13) are 1. Similarly, if bL — n then < n and both sides if ( 5.13| ) are 1. 

~(a) 

Fin ally, if 6l > n - 1 then £ > and bL-i < 6l- If 6l < 1 then both sides 

of ( ^.131) are 1. If 6l = T and l^^^ = 1 then = cx) and hence = 1- In this 



case both sides of (5.13) are 2. If 6l = 1 and ^(^^ > 1 then there is a singular string 
in (£>•, J*)(i) so that fe^-i > 1- In this case both sides of (|5.13| ) are 1. If ^^^^ > 1 
then e'^"^ < for 1 < a < n — 2 and the cases can be checked in a similar fashion 
as before. 



To prove (5.12), by (3.4) and MM we have 



cc(i>') 



2 ^ ^ 

i,j>l a.b—l 



min(i, j)(a<j|afc) 



("1.1"-' - (^.^^lo) + 6ij(a)_i ~x{a<n- 2)(5^^^-(„) - S^ na)_i 



Applying the data for Z?„ and using 
yields 



) , a tedious but straightforward calculation 



Acc(^-)=^^(/^('^)(^-)-i^(«)(^-) 

0=1 i>l 

X {mf^ ~ 5^^^(a) -x{a<n- 2)(5,_^-(a) )) + 
For A| J*| we obtain from the algorithm 5' 



E(i) 

i>l 



n 



a=l i>l 



Hence altogether, using J2 



.(1) - .,(1) 



rrii ~ a ] ' we 



1 ! 
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obtain ( |5.12| ) 



□ 



5.2. Proof for type S,V 



(1) 



Proof of (I) for si^^ . Let us assume that either p is not dominant, or that 6 — 
(so that p = \) and 0. For b — k with 1 < k < n the proof that this 

cannot happen is the same as for type Dn \ Now assume that b = n and A„ = 0. 
Then pj^"\iy') = for i > £ where i is the largest part in j/*^"' by Lemma 5.2 
and (5.1C). By (5.5) with a = n we find that m^" ^\^') — for i > i, so that 
< £. But there is a singular string of length £ in (;/*, J*)*^"' which contradicts 
^("■) = oo. Next assume that 6 = and A„ = 0. By the same arguments as in the 
previous case < £. But there is a singular string of length £ in {i^' , J'Y"-^ 

since m'"^\h'*) > and P^"\iy') = 0. Since (Q) must hold for 6 = 0, there must be 
a singular string at ^("^^^ — i or a quasisingular string at < i < £. But then 

(S) holds for £ which contradicts 6 = 0. The case b — k with 1 < fc < rt is the same 
as for type Dn\ 



□ 



Proof of (II) for B^^K Denote by Jmax (i^*, J') the biggest part in J^°-'^\ To prove 
admissibility of {i>* , J*) we need to show for alH > 1, 1 < a < n that 

0<J^,l^{i^'J')<Pt\i>')- 



(5.14) 



Up to small alterations, the proof of (5.14) for 1 < a < rt is the same as for type 
Dn \ Let us assume that a = n. Only one string of size i'^") and one string of size 
change in the transformation (i/*, J')^") {D' , J'Y^^K Hence for the different 
cases: 

c 

{Q) 

c 

{Q,s) 



j(n,i) 
"^max 


(;>•, J*) = /^("\i>') fori 


= 


- 1 






{^'J')<jt^iiy',J')(^se 










{D'J')^Pt\i>') for* 


= 


-1/2 




— '^raix 


ii^'J')<J^'^{,y',J')ehe 










(;>•, J*) = i^(")(^') fori 


= fS"^ 


-1/2 




j{n.i) 


(;>•, J*) = /^("^(i>') fori 


= 


- 1/2, 


= ^("-1 


j{n,i) 


(£>•, J*) = i^(")(^')--lfori 


= 


- 1/2, 




^ JmaJ 











Let us first assume that (S) holds: 
By the definition of and there is no singular string at — i and no 

singular or quasisingular string of length <i< l^""^ — £. Hence, iirrif'\v') > 



0, we have J^i^{iy',J') < P'>'^\v') - 2 for < i < ^ and j'^^l^ {v\ J') < 

P^v') - 1 for i = ^("-1) 



And) I 



i. Hence (5.14) holds if rnf^\v*) > 0. By lemma 5.3 



(5.14) can only be violated if 

m^:\(i.*) = 0, P,(:l(j.') = 0or 1 



<£-l, 



finite. 



The case P^_{{iy') = is the same as before. Hence assume that P^'liiv') = 1. If 
0, then by and ( |5.10| ) /^^"''(i^*) = 1 for p < i < £ where p < £ 

is maximal such that m^\h'') > 0. By (5.5) we also have ' 
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>•) = for 



p < i < £ so that < p. But since Pj$"^(i/') = 1 and > there 

is a (quasi)singular string of length p in J*)*^"^ which contradicts p < £. If 
m^f\{h'') > 0, then Pj;"^\{i^') > 2 since otherwise there would be a (quasi)singular 
I : : ■ i of length ^ — i in (v' , J')^"\ By convexity ( |S.10| ) and ( |5.5| ) this implies 
p(^)3(z/») = and m^_3(t/') > 0. Since < £ - 1, (Q) would hold for ^ - § 

which contradicts our assumptions. 

One more problem might occur when = ^(") = £ and m£_j.(i^') > 0, 

^max Pg^'^ii'^')- But in this case there is a singular string of length 

^ - i in J')(") which contradicts ^(") = ^. 

Now assume that (Q) holds: 
In this case ^("^^^ — — oo. By similar arguments as before ( ^.14 ) can only be 
violated if 

m(^\(i.*) = 0, p(5('^*) = 0, 1 = £ finite 

or TO^"\ (i.*) = 0, P'"\ (i^*) = 1, ^^""'^ < ^^"^ < ^^"^ = ^, ^ finite. 

Since (Q) holds, we must have P^"'\v') > 1. Hence by convexity ( 5.1C| ) it follows 
that pI^\v*) = 1 for p < i < i where p < £ is maximal such that 'm^\h'*) > 0. 
Equation ( ^.5| ) imphes that m[^~^\v') = for p < « < £ so that < p. But 

there is a (quasi)singular string of length p in {v' , J* )'■"•' which contradicts p < £. 

Finally assume that (Q,S) holds: 
For i < i?'") the same arguments hold as for case (Q). Since by definition there are 
no singular strings of length £("~i) < z < = £ in (i/', J*)'^"\ case (Q) holds for 
i = £("-!) and > 0, the only problem occurs when 

"^1"^ ) = 0, P^/'{ (ly' ) = 0, + !<£, I finite. 

2 2 

If p < £ is maximal such that rri'p\v') > 0, then by dJ) and ( ^ ) Pl"\iy') 
for p < i < £■ Since m^"2)('^*) > and P^''"'') (i^*) > we must have £*^") < p. 
But then there is a singular string of length p in (z^*, J*)*^"^ which contradicts 
= £. □ 

Proof of (III) for B^n^ . Here = T. Note that H{b 6') = if 6 < 6' and 6 (g) 6' ^ 
(g) 0, (6 (g) 6') = 2 if 6 ® 6' = T (8) 1, and H{b &') = 1 otherwise. 

If L = 1 then the path is 1 , the rigged configuration is empty, and both sides of 
( 3.13| ) are zero. 

Here and (5.2) are given by 

(5.15) A{cciiy' , J')) ^ a[^^ 

(5.16) HibL ® bL-i) = x(^^'^ = 1) + X(^'*'^ - 1)- 

where £^^^ and £^*'' are determined by the algorithm 6. 

Let £^"-> and £ be the length of the selected strings defined by the algorithm 
S on (i>', J') = S{v',J'). To check ( |5l6| ) note that if £(i) = 1 it follows that 
iia) > £(a+i) for 1 < a < n - 1. Hence if 6l < n then < ^'l and both sides 



of ( ^.16D yield 1. If 5^ = then < &l by (gj) and both sides of ( |5.13D are 1. 
If n < 6l < T, then 6l_i < 6l by ( pl| ) and both sides of ( |5.16| ) are 1. If 6l = T 
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and £(1) = 1, then bi-i = 1 by Hence both sides of ( |5.16D yield 2. FinaUy, if 

= I and i^^^^ > 1, then there exists a singular string of length l'-^^ — 1 in (i>*, J*) 
so that 7^ 1- Hence both sides of (|5.16|) are 1. If ^(i) > 1 then < for 
1 < a < n — 2 and the cases can be checked in a similar fashion as before. 



To prove ( |5.15[ ), by (^) and ( [4.8[ ) we have 
1 " 

cc(j>*) 2 53 51 min(4i,iaj)(aa|a6) 

2j'>l a,b—l 

X ^m|°^ - 5^^^ + - ^^^^ + 



Applying the data for i3„ and using (4.9), a tedious but straightforward calculation 
yields 



a=l i>l 



i>l 



(1) 



For A I J* I we obtain from the algorithm 5' 



n 



a=l i>l 



where the last three terms come from the fact that for n-th rigged partition sin- 
gular strings can be transformed into quasisingular strings and vice versa. Hence 



altogether, using X]i>i = '^i^''' obtain (5.15) 



□ 



5.3. Proof for type C,V 



(1) 



Proof of (I) for ci^'. If = fc with \ < k < n the proof that p is dominant is 
analogous to type Dn'' . For b — n a, problem occurs if A„ — 0. In this case 
P^"'\v') =Q iov i>i where I is the largest part in i/*^") by Lemma 5^ and ( 5.10 ). 



By (HI) this implies \v*) = for i > £. Hence £(""1) < £. But there is a 

singular string of length I in (i/*, J*)*^") which contradicts l'^"''^ = cx). If /s = n a 
problem occurs if A„ — A„_i. In this case P'f^ ^''(j^*) = for i > I where £ is the 
largest part in By (U), m|"^(i^') = for i > ^. Hence < But there 

is a singular string of size £ in {v* , J')^"^^^^ (this also works if = = £) 

which contradicts = oo. □ 
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Proof of (II) for Cn \ We show that (i>*, J') £ KC{p,fi). We use the same nota- 
tion and set-up as in type Dn \ Then 

•^max i^' J')^ Pr"^ {^') I = ^("^ - 1 and i = - 1 

or i = f"^ - 2 if = f'^+^'l 
< J^T'^) J')< Jt^ {u' , J-) else. 

The proof that < Jmax (i^*, J') < Pi°'\^*) for 1 < a < n is the same as usual if 
£(a) _^ ^(a-hi). If ^(a) ^ |(a+i)^ ^-j^g gj^jy problem occurs if 



mYl^iv') = 0, P;!^'^*) = 0' ^^""^^ < £ - 1, ^ = = + 1 finite. 



We show that these conditions cannot be met simultaneously. Let p < £ — 1 be max- 
imal such that TOp"'' {v*) > 0; if no such p exists set p — 0. By ( ^.IC ), P/°2 (^*) = is 
only possible if Pj^"-* (v*) — for p < i < £—1. By ( ^.6| ) this requires (ly*) ~ 

for p<i<^— Iso that < i — 1 implies < p. But there is a singular 

string of length p in (j/*, J*)(°) which contradicts l'^"'^ = i — 1 > p. 
Finally for a = n the only problem occurs if 



£_1 £ = finite. 



By convexity ( 5.10 ), P^^\v*) — for p < i < i where p < ^ is largest such that 
> 0. Then by (5.6) we also have to^" = for p < i < £ so that 



£{n 1) <; £ _ 1 implies < p. But there is a singular string of length p in 

(z/*, J')(") which contradicts = £ > p. □ 



Proo/ o/ (III) for dn'^ . Here 
otherwise. 

If L ~ 1 then the path is 1, the rigged configuration is empty, and both sides of 
( [3.13| ) arc zero. 



1, H{b 6') = if 6 < 6' and H{b ® 6') = 1 



Here ( p.l[ ) and (5^) are given by 



(5.17) 
(5.18) 



(1) 



A{cc{iy',J')) = a\ 



where is determined by the algorithm 6. Note that there is no contribution 
from £(1) in (|t|) since /(I) > 1. 

Let t^""' and i be the length of the selected stri ngs d efined by the algorithm 
5 on (£>•, J*) = S{iy*, J*). Note that if ^^^^ = 1 then ( |4.13| ) implies that < 5l 
so that both sides of (|t|) are 1. If £^^'> > 1 then < e'-"^ for 1 < a < n so 



that > 6i and both sides of (5.18) are 0. For bL = n, £ < unless 

£{n) _ 2 note that in this case = 1 and hence ^^^^ = 1 which contradicts 

-(«) -, > -(a) 
our assumptions. If £ < f^"-* then also £ < £^"'' which implies that > &l. 

Hence both sides of ( ^.18 ) are 0. 
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To prove ( ^.17D , by (U) and ( [4.12| ) we have 
1 " 

cc{i>') = X! X! niin(tf,i,iaj)(aa|Q!b) 



zj>l a, 6—1 



X ( mf ^ - x{b < n){5jj,it,) - Sj^iw^i) - (5. + (5. m__^ I . 



Applying the data for C„ and using (4.13), a tedious but straightforward calculation 
yields 



n 



a=l i>l 



For A I J* I we obtain from the algorithm 5' 



■n 



Hence altogether, using X)i>i "^i = "^i ' obtain ( 5.17| ) 



□ 



5.4. Proof for type ^^n - The proofs of (I) and (II) are analogous to the previous 
cases. In particular, the proof of (II) is very similar to that for type C, 



(1) 



Proo! of (III) for A^^j . Here = 0, H{b ® 6') = if 5 < 6', H{b b') = 2 if b > b' 
or b ^ b' — 4> IS) (f> and H{b ® fe') = otherwise. 

If L = 1 then the path is 1 or 0. In the former case, the rigged configuration is 
empty, and both sides of (3.13) are zero. In the other case both sides of ( 3.13D are 
1. 



Here (5.1) and (5.2) are given by 

(5.19) A(cc(i/*, J')) = 2a\^^ - x(^^"^ = 1) 

(5.20) H{bL ® bL-i) = 2x(^(^) = 1) - x(^(") = 1) + x(^~*"^ - 1) 

where is determined by the algorithm S. Note that there is no contribution 
from £(1) in (|^) since > 1. 

Equation ([5.2C ) can be checked in a similar fashion as to the other cases. 

To prove ( 5.19| ), applying the data for i3„ and using ( 4.13| ), a tedious but straight- 
forward calculation yields 

n 

Acc(z.-) = 2^^ (p('')(iP-) - Pt\i^')) ("^i"' - X(a < n)<5,^,<„, - 5a,.,) 



a=l i>l 



C{i^-^ = 1) + 2J2; 



28 



For A I J* I we obtain from the algorithm 5' 



n 

A\J'\ = 2^]^ (/^("^K) - P[''\i>')) {4''^ - X{a < n)<5,,,<„, - <5,,,<„,) . 

a=l i>l 

Hence altogether, using X)i>i '^i^^ — <^i^\ we obtain ( |5l9| ). □ 



(2) 

5.5. Proof for type A2n-i' 

(2) 

Proof of (I) for The proof that p is dominant for b ~ k with 1 < fc < n 

is analogous to the other types. For & = fc with 1 < fc < n, p is not dominant if 
Afc — Xk-i- In this case Pj;''~'^\iy') = for i > £ where £ is the largest part of 
jyC^-i) by Lemma U and {^J^. By Q, m[''\v') = for i > ^ so that ft*^' < £. 



But since p/*" ^''(i^*) = and mf' > 0, there is a singular string of length £ in 
(z/*, J')^^-!). Hence £^=-1) < £ (which contradicts IC^^i) = oo since k = Tk{i^' , J')) 
unless ^C^-i) = I'C^) = £ and mf "^^(z^') = 1. Since mf^iy') > 2 for 1 < fc < n 



and m^^\i/') > 1, (5.S) for a = k — 1 and i = implies that m^'^ ^''('^') = and 



Pi-'^^\i'') = 0. Hence ^C^-^) < £ and m^'l/^ (i^*) = since otherwise ^C^-^) < £-1. 
By induction on i = £ — 1,^ — 2, . . . , 1 ( |3.8[) for a = fc — 1 implies that m^*^ ^''('^') = 
and Pj^'li = which in turn requires m'l'^^^\h'') = since else ^C^"!) < i — 

But then m|'^^^^(i/*) = for all 1 < i < £ so that ^C''^^) £ which contradicts our 
assumptions. □ 

(2) ~ 

Proof of (II) for A\J^_-y. To prove that {v* , J') is admissible, one finds similarly to 
the proof of type o'iP that the only problem occurs if 



£°\=0, P/°\(i/') = 0, < £ (resp. < £ for 1 < a < n), 

£ finite, £ = f^^^ (resp. ^ = f^""' for 1 < a < ti). 

Analogous to the case Dip it can be shown that these conditions cannot hold 
simultaneously. □ 

Proof of (III) for A^^^L^. Here = T, i7(T «) 1) 2, H{b 6') = if 6 < &' and 
H{b b') — 1 otherwise. 

If i = 1 then the path is 1 , the rigged configuration is empty, and both sides of 
( p.l3| ) are zero. 



Here (pjl) and (5.2) are given by 



(5.21) A(cc(i/*, J*)) = a^'^ 

(5.22) H{bL ® 6l-i) - X(^*'^ - 1) + X{P^ - 1) 

where f^*-* is determined by the algorithm 5. 

The proof that (|^) holds is very similar to the previous cases. 
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To prove ( ^.2lD we apply the data for C„ to (^. Using ( [4.16D and (|^) a 
tedious but straightforward calculation yields 



(1) 

TO,; . 



a=l i>l 

i>l 

For A| J*| we obtain from the algorithm S' 

n 

a=l i>l 

Hence altogether, using X)i>i "^P'' = Q^i^'i we obtain ( |5.2l| ). □ 



5.6. Proof for type 

Proof of (I) for D^-^^^. The proof proceeds as before except in the cases b = n and 
6 = (there is nothing to prove for b — (f>). Suppose b = n and p is not dominant. 
Since A is dominant, A„ = 0. Then it can be deduced that P.j''\i'') = for i > £ 
where £ is the largest part in j/*^"' by Lemma and (5.1C) and the admissibility of 



ly*. By it follows that to[" ^V) = for i > £ so that ^("-^^ < £. But there 



is a singular string of length £ in {v* , J*p"-> since P^^'{i^') = which contradicts 
= cx). To prove that 6 = cannot occur if A„ = we find as for the case 
k = n that ^("~^) < i and that there is a singular string of length i in {v', J*)^") 

since P^^\iy') — 0. For the 6 = case (Q) must hold so that there must be a 
quasisingular string of length ^^"^ < £ in (i^*, J*)*^"' . But observe that there is a 
singular string of length £ > ^^"^ in (v*, J')^") which contradicts l^^"-* = oo. □ 

(2) ~ 

Proof of (II) for -D„4_i. Next we need to show that {v* , J*) E KC{p,fl). The case 
that {i>',J')^°-^ is admissible for 1 <a <n works as usual. Consider a = n. First 
note that there is no problem in case (Q,S) setting the new string of length ^("■^ — 1 
to be quasisingular since the string of length Z'"^ — 1 is not singular by definition so 
that Pjf"J-,_-^^{i^*) > and also P^^l_^{i)') > by ( |4.19| ). The only problem occurs 
if 

TO^"\(j.') = 0, P/ri(i^') =0 or 1, <^, £ = ^(") finite. 

Note that Pt\v') is always even so that P/"^ = 1 is impossible. The proof that 
these conditions cannot hold simultaneously works as usual. □ 

Proof of (III) for D^^l^ . Here 6^ = and 7?(0 0) = 2, i?(6 (g) (/>) = (</> (g) 6) = 1 
if 6 7^ 0, 77(6 ® 6') = if b,b' ^(f>,b< 6' and 6 ^ 6' if 6 = 0, and H{b ® 6') = 2 if 
6 > 6' or 6 = 6' = 0. 

If L = 1 then the path is either 1 or 0. In the former case the rigged configuration 
is empty, and both sides of (^.13 ) are zero. In the latter case it is also not hard to 



check that both sides of ( 3.13| ) are 1 
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Here and (5.2) are given by 

(5.23) A{cc{iy',r)) = 2a'-^^ - x(^*"^ - 1) 

(5.24) H{bL ® - 2x(^(i) - 1) - x(^(") = 1) + x(/(") = 1) 



where i?*^*-* and i^'^^ are determined by the algorithm S. To obtain (5.24) we used 
the fact that by definition ^^^^ > 1. Here l'^"-^ is defined by the algorithm 5 on 

It can be checked directly that ( ^.24| ) holds. For example, if ^^^^ 1 it follows 
tha t 1^°^ > ^('^+1) for 1 < a < n. Hence if 5l < w th en bL-i < and both sides 
of ( |5.24D yield 2. If 5l = </) then both sides of ( |5.24| ) are 1 for ^ (/) and 2 if 
= (/). If 6i = then both sides of ( |5.24| ) are 2 if ^l-i < 0. Note that bh-i = 4> 

or > n is not possible. Finally, if b^ > n then i > i^"'' and < ^l- Note 
that = is not possible in this case since > 1 which implies > 1. 

Both sides of ( |5^ yield 2 in this case. If > 1 then < for 1 < a < n 
and the case s can be chec ked in a similar fashion as before. 
To prove ( |5.23[) , from (U) and (|4.12|) we obtain 



cc{v') 



1 " 

= 9 51 51 min(i,j)(aa|a6) 



i,j>l a, 6—1 

(i) 

1^ — 0,; 



X {m\ 
r (b) 



5, lib) 



Expanding out and using (4.19) a tedious but straightforward calculation yields 



a=l i>l 



i>i 



oo)x(^(") < 



For AjJ'l we obtain from the algorithm b' 

n 

a=l i>l 

+ x{i^"^ = oo)x(l < ^^"^ < oo) 
where the last term comes from the fact that in case (Q) a quasisingular string is 
changed into a singular string. Hence altogether, using X]i>i "^^^ — '^^P ^^^^ the 
fact that = cx) if = 1 by the algorithm 5, we obtain~(F^). □ 

5.7. Proof for type A'-^^K 

Proof of (I) for A^;/ ' . The only case that proceeds differently than before is 6 = 0. 
Suppose A„ — 0. Let € be the longest part of v^'^\ As in the proof of the D^^]^^ 
case, P^^^\i'') = where (. > If ^ is odd then this is a contradiction of the 

admissibility of v*; see (3.10). If £ is even then is singular and ^'"^ < I (as 

■^^"^ is odd and t is the longest part), contradicting 6 = 0. □ 
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Proof of (II) for A^J^ ■ The admissibihty of J*) for 1 < a < n is as before. Let 
a = n. We first observe that in all cases, 

(5.25) ^(1) < £(2) < . . . < < £(") < < • • • < £(1), 



with odd and even (when they are finite). We also note that by (4.13), 
(5.26) i^^"Hi>') > P/"V*) - 1 

with equality if and only if < i < ^("). 

Let us verify ( |3.10| ) for (i>*, J'). Let z be odd such that m-"'(i>') > 0. Suppose 
first that mfV') > 0. By ( ^Io|) for (i^*, J'), P'>''\v') > 0. By ( |5^ ) we may 



assume that P^"'\v*) — 1 and < i < l^"'^ But then was quasisingular, 

which is a contradiction to the definition of 5. So suppose m^"''(t^*) = 0. Since 
m|"^(f>*) > we are in case (Q, 5) with i = - 1. In case (Q, S") < so 
< i < Now i ^ since ^(i/*) = 0. So < i < with and i 



odd. By ( |4.13| ) Pt\i'') = Pt\^')- There is only a problem if i^^"'(i^') 0. By 
( pO| ) it follows that (i^*) = i^+l(i^*) = 0. Since i - 1 is even, if rnfXiv') > 



then 1) would have been singular with < i — 1 < contradicting the 

choice of So m["\(i^') = 0. Applying (|5lo|) again, i^^"^(i^*) = 0. Since 



(p'jj*) was admissible and i — 2 is odd, by (3.1C) it follows that m^"2(^') = 0- 



-2V 



Continuing in this manner, a contradiction is reached since P^^„) {i^*) > 0. 

Now suppose i is even. It must be checked that P^"'\v') > 0. The only problem 
is if PtHi^') = and e^''-^'> < i < . If mf^{v') > then 6 would have chosen 
the singular partition So m|"^(j/*) = 0. By (|t|) it follows that Pj;^l{iy) = 0. 

Arguing as above but with the index increasing from i, a contradiction is reached 
since P^^("^)(j/*) > 0. □ 

Proof of (III) for A^^^\ One has = 1, Hib'^ b'^) = if b'^ < b[ (except for 
H{0 ® 0) = 1), and F(&^ (g) 6i) = 1 for b'^ > b[. 

If L = 1 then the path is 1, the rigged configuration is empty, and both sides of 
( |3.13| ) are zero. 



Here ( p.l\ j and (5^) are given by 

(5.27) A(cciiy' , J')) ^ a[^^ 

(5.28) ff(6L®6i_i) = 1) 

where i?*^*-* and are determined by the algorithm S. The term x(l^^^-' = 1) 



disappears since the definition of the algorithm forces f^^-* > 2. The proof of (5.27) 
ifcry similar to that in the i cas 
Straightforward computations yield 



Acc(z.-) = ^(aa|a,)(x(z > £^'^) + x(* > i^'^mml^Hiy') - <5,,,<», - <S,,,<.,) 

a,b,i 

+ xii'^^^ < oo) + x{e^'^ < oo) - ix(^*"^ < oo) + ix(£(") < oo) 
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and 



a,b,i 

-I]"^l°^('^*)+X(^*'^ <oo) + x(^^'^ <oo). 

i 

Together these yield 

+ «l'^-^x(^'"^<oo) + ix(^"("'<oo). 
One can also show that 

a.i 



This proves (5.27) 



□ 
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